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We construct an example of a C” flow #J on 08* (n > 3) and a real-valued 
function F on [w” so that the velocity vectorfield 4 = X is constant along level 
sets of F and 4 possesses a (nondegenerate) periodic attractor. The example is 
related to work of R. McGehee and R. Armstrong and others, showing that a 
proposed formulation of the “competitive exclusion principle” of ecology does 
not hold in general for non-linear models. 
In this paper, we construct an example of an attracting periodic orbit for a 
differential equation of the form 
where N E KP (n 3 3), F is a C” real-valued function on W, and g: R1 + R” is 
a C” map. In such a system, the velocity at a point is determined by the single 
real parameter F(x). The general question of the existence of compact attractors 
in autonomous systems whose velocity is determined by fewer parameters than 
the dimension of the phase space was considered by Levin [5] and IMcGehee and 
Armstrong [l, 21 in connection with some models in population dynamics. 
To motivate the mathematical problem, consider an ecological model in which 
the community consists of n “species” with population densities p, ,..., p,, (of 
course, pi 3 0 for all ;) and k “limiting factors”, measured by real numbers 
z, )...) xg . The specific growth rate of each population is assumed to be a function 
of the limiting factors, which in turn are functionally related to the population 
densities. The evolution of the community, then, is described by the system of 
equations 
zj =fj(p, ,*.., P,), j = I,..., R. 
Levin [5] showed that, if the functions gi are all afEne and the number of 
species exceeds the number of factors (KX > k), then system (1) possesses no 
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attracting rest points or attracting periodic orbits. He interpreted this as a 
formulation of the “principle of competitive exclusion” :in ecology: -that different 
species can coexist in the same environment only by occupying different ecological 
“niches.” 
Armstrong and McGehee [ 1,2] considered the extension of Levin’s statement 
to non-linear models, assuming only thatfj and g, are all Cm. When 1~ > k, they 
shomed that (1) can have no attracting rest points [in fact generically, (1) has no 
rest points at all) and when n = 2 and k = 1, the system also cannot have 
periodic attractors. On the other hand, they constructed an (unpublished) 
example of (I) with k = 3 and n > 3 arbitrary which has an attracting periodic 
orbit; a similar example was obtained independently by Kaplan and Rorke [4]. 
Zicarelli [7] constructed a further example, showing that attracting periodic 
orbits can occur for (1) with k = 2 and n > 2 arbitrary. 
Following McGehee and Armstrong [2], the system (1) can be cast in a more 
geometric form by the substitution 
xi = lnp, , i = I,..., ?I.. 
Letting Pj express zj in terms of the q’s, we obtain the simpler system 
q = g,(q )..., +J, i = l,..., E 
zj = Fj(X, ,...) XJ, j = I,..., k. 
3 
Let us say that a C” vectorfield X on Rnfactors through RX: if the map X: R” -+ IF” 
can be written as a composition X = G 0 F, where F: R” --+ Rk and G: RX: -+ !P 
are C” mappings: 
The problem, considered by McGehee, Armstrong, and Zicarelli, can then 
be posed as follows: 
For which values of n and k is there a vectorfield. on R”, factoring 
through II?,“, whose flow has an attracting periodic orbit ? 
Clearly, any vectorfield on R” factors through W for all k >, w. Furthermore, 
a vectorfield factoring through Iw7’ also factors through R”, ~22 > k, by inter- 
posing the inclusion W + W” and the identity R’” + R” between F and 6. 
Our example will be a vectorfield on [w” (~z > 3), factoring through W; by the 
observation above, examples of the McGehee-Armstrong and Zicarelli type can 
be recovered from this, and we therefore will have proved the following 
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THEOREM. For any n > 2 and k > 1 (except the single case when n = 2 and 
k = l), there exists a vectorjeld on l&Y, factoring through LV, whose flow has an 
attracting periodic orbit. 
From the point of view of ecology, the examples of McGehee and Armstrong 
are the important ones, showing that in a complex exosystem, coexistence is 
theoretically possible with very few resources. Our example shows that the case 
n = 2, k = 1, where such coexistence cannot occur, is special because of the 
Poincare-Bendixson theorem-the McGehee-Armstrong phenomenon for n > 3 
is possible even when k = 1. 
We construct the example in two steps. First, we note that the obstruction to 
such an example when ?z = 2 and k = 1 is the impossibility of periodic orbits 
(without regard to attraction), and show how this obstruction can be overcome 
for n > 3. Second, we construct a specific periodic orbit and show how, by a 
careful choice of the function F in (2), the Poincare map for a disc orthodonal to 
this orbit can be made into a linear contraction. 
1 
Let us forget for a moment the behavior of nearby orbits, and consider only 
the question of existence of periodic orbits for (2). We set k = 1 throughout this 
paper, so that we can write (2) as 
% = g&)9 
i = l,..., ~8, (3) 
x = F(x, ,..., xn). 
When n = 2, McGehee and Armstrong note that an attracting block for a 
periodic attractor must be contained in a disc with the velocity pointing inward 
at the boundary, and this is impossible for a vectorfield that factors through R. 
The heart of this argument is the following application of plane differential 
geometry: 
PROPOSITION 1. A jlow on [w” whose velocity factors through W1 has no periodic 
orbits. 
Proof. We recall the “Umlaufsatz,” familiar to students of differential 
geometry in the plane (see for example [3, p. 1471 or [6, pp. l-241): for y a simple 
closed curve in KY, the rotation index is &l. The rotation index can be inter- 
preted as the degree of the map obtained by parametizing y by arclength and 
regarding the (unit) tangent vector i, as a point on the unit circle. If (3) had a 
periodic orbit y, then y/11 7 11 would b e a map from 9 (thought of as the trajectory 
7) to $9 (the unit circle) of degree *I which factored through R1. But a map 
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R1 + 9 (and therefore any composite map !S + Rr + 59) is null-homotopic, 
while a map of non-zero degree is essential. The contradiction proves the lemma. 
A corollary of this reasoning is that when n > 3, any periodic trajectory y 
of (3), when projected onto any (2-dimensionalj plane in BP, must have rotation 
index zero. The simplest plane curve with index zero is a “figure-eight,” that is, 
a circle immersed in the plane with a single transversal self-intersection (Fig. I). 
We will construct our example by embedding such a figure-eight in W and 
approximating by an embedding of S1 to form our periodic trajectory. 
FIG. 1. “Figure-eight.” 
We must be aware, however, of the fact that our final vector-field must factor 
through a real-valued function, F. This imposes a further restriction on our 
curve, y, for the function F on y must have a minimum and a maximum value, 
with all values between hit at least twice along y. (These extrema must be distinct, 
for any trajectory with F, and hence f, constant is a straight line.) Since 9 
depends only on the value of F, each direction along y must occur twice. More 
precisely, the sequence of directions for f as y passes from the minimum value of 
F to the maximum value must be retraced in the opposite order as y continues 
back to the minimum. We need, therefore, to construct our “figure-eight” 
so that it is “symmetric” in the above sense. 
Our construction can be formally stated as 
PROPOSITION 2. Suppose that in [w” (n > 3) we me given a C” carve y(t), 
0 < t < 1, with the following properties: 
0) y(0) = ~(1) = (O,..., 0) 
(ii) y(O) and f(l) (d$ d e ne as one-sided derivatives) are lin.eady independent 
{iii) y is a simple closed curve 
(iv) the nth coordinate of y(t) is strictly positive for 0 < t < 1. 
Then 
(a) there is an extension OJ y to 
y: [-1, l] + L%” 
with its image a CL LLjigure-ea~ht” in W; 
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(b) for any neigPborhood U of y in Rn, there exists a vectorfield X on Rn, 
factoring through W, which generates a $0~ on [wn possessing a closed orbit 7 in U. 
We remark, first, that the figure-eight in (a) will be C” if all higher-order 
(one-sided) derivatives of y(t) at t = 0 and t = 1 are zero, and second, that by 
rigid motions in IW, the origin in (i) can be replaced by any point and the nth 
coordinate in (iv) can be replaced by any non-constant linear functional L, with 
the positivity replaced by the inequalityL(y(t)) > L(y(0)) for 0 < t < 1. 
Proof. (a) We obtain the extension in (a) by defining 
Y(-9 = -Y(t), -1<t<o. 
W’hentFOorl,wehave 
y(-t) = -y(t) = 0 = y(t) (t = 0, 1) 
and for 0 < t < 1, y(-t) h as a negative nth coordinate; thus y is a (continuous) 
figure-eight. Furthermore, for t < 0, 
m = &y(t) = $ [-y(A)] = g-t>, 
so the extension is Cr. If the higher derivatives at t = 0 and t = 1 vanish, the 
extension is C”. 
(b) For (b), we must first modify y to eliminate the self-intersection. In 
doing this, we must be careful to retain the property of the figure-eight, that the 
velocities appearing in the loop 0 < t < 1 appear in the reverse order along the 
loop-l <t<o. 
Case 1. In particular, if it happens that there exist two intervals in 0 < t < 1 
on which f is constant, and these constants are negatives of each other, then we 
proceed as follows. Suppose 
0 < t1 < t, < t, < 1 
and 
p(t) = x for t, < t < t, , 
9(t) = -x for t, < t < t4 . 
By shrinking one of the two intervals, we can assume 
Let 
1 t1 - t, 1 = [ t3 - t, 1 = 4s > 0. 
Tl = &(t, + tJ = tl + 25 
T, = +(t, + t4) = t, + 26 
be the midpoints of these intervals. 
(4) 
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Claim. Without loss of generality, we can assume that x is independent of 
p(O) and p( 1). 
Otherwise, we pick y a vector perpendicular to x and to the plane spanned by 
g(O) and F(l)> take a “bump function” O(T) with 0 < a(~) < 1, a(~) = 1 for 
[ 7 / < 6, and O(T) = 0 for j 7 j > 26, and consider the curve yr(t) satisfying 
~~(0) = ~(0) and 
+1(t) = f/(t) + qt - TJy - B(t - Tz)y. 
This curve is closed, for 
= y(t) - y(O) + Y j” [a(~ - rr,> - +. - zr,)l d;- 
0 
and when t 3 t, , the integral is zero. Furthermore, the interval never exceeds 
46 = & O(T) dT, so that by picking 11 y /I small, we insure that rr(t) uniformly 
approximates y(t), 0 < t < 1. 
Construction of j?. To prove (b) when x as above is not in the plane spanned 
by +(O) and i/(l), we again take the “bump” function 6(~) as above, but this time 
we modify the figure-eight y(t), -1 < t < 1, by picking a small E > 0 and 
taking ye(t) to be the curve satisfying ~~(0) = 0 = V(O) and 
f2(t) = 9(t) + &(t - TJX - &(t + ill,)x. 
That is, we leave the direction of 9 unchanged, but multiply it by [1 + ~$1 on 
the interval tr < t < t, , where 9 = x, and on the interval -t, < t < -t, , 
where +(t) = p(-t) = -x. 
The effect of this modification is to move r(l) to 
s 
26 Ydl) = Y(l) t x &(Tj dr 
-28 
and (by the integral arguments involving yr , but with the limits of integration 
-1 < t < 1) leave 
Now, ye(t) is a curve near y(t) (for E small); it is a simple closed curve, and 
the directions of&(t) and 9(-t) are the same. (For tl < t < t, and t, < t < t, the 
lengths are di-fferent.) We can then reparametrize ya by arclength, s, -L < s <L, 
with s = 0 corresponding to t = 0, 
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so that 
X(s) = dy/ds 
is always a unit vector, and thus X is the same vector at pa and y&t). Of 
course, the involution on the points of 7 given by ye(t) -+ ~e(-t) is more 
complicated to express in terms of s, but we do get an involution s --t LX(S) so that 
a(0) = 0 and E(L) = -L, and 
X(,(s)) = X(s) 
for all s. 
Comtructing the flow. Now, we define F: R* -+ IR by taking a C” function 
#: R--+lR with 
w> = 0, t < 0, 
*(t> = 1, t BL, 
f(t) > 0, 0<t<L, 
and defining F first along jj by 
FM41 = YYG O<s<L, 
= #(4s>>, -L<s<O, 
and then taking any proper smooth extension of F to Rn. We define G by noting 
that 
$-I: [O, l] -+ [O, L] 
is a well-defined map, Cw except at the endpoints; then we define 
XWW) for O<x<l 
G(z) = X(0) for z < 0 
X(l) for 1 < x 
and note that, if y(t) has all its derivatives of order two or more at t = 0, fl 
equal to zero, then the function G is Cm. Clearly, the vectorfield G o F has a flow 
(note that the vectorfield is constant off the compact set 0 < F < L) with the 
simple closed curve 7 as a periodic orbit. 
Case 2. We have proven Proposition 2 under the Assumption (4). But 
again, if the loop y which we start with does not satisfy (4), we can modify it so 
that (4) holds, as follows: for sufficiently small S > 0, the curve y&t), obtained 
from y(t) by replacing the orbit segment ] t - + 1 < 76 by the straight line 
segment joining ~(4 - 76) to r(Q + 73, 1’ res very near y; by modifying y3(t) on 
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i - 76 < t < 4 - 66 and i + 6s < t < 4 + 7S, we obtain a Cw curve yJ. 
with constant velocity near t = 4: 
is(t) = Xl for 1 t - 4 j < 66. 
Now pick xs very short, but orthogonal to x1 , and define y5(t) by introducing 
a “kink” near t = +. Specifically, we modify pJ(t) for j t - 4 j < 66 so that 
and 
35(t) = xg 
+5(t) = -xg 
P&d = Xl - 
for $ - 58 < t < * - 6, 
for 4 + S < t < * + 56, 
This can clearly be done so that y5(t) is a curve with y5(t) = y&(t) for 
/t-~~~6S.Buttheny,satisfies(4)~~tht,=~-5S,t,=~-S6,t,=~+S; 
t, = + + 5s. 
Thus, the previous construction gives us part (b) of the proposition. Q.E.D. 
2 
To create a periodic orbit which is an attractor, we need to be far more 
careful about the last step of the previous section, the extension of the vectorfield 
to a neighborhood of 7. We will begin, then, by taking a particular loop y satis- 
fying the hypotheses of Proposition 2, designed so that the effect of F on the 
behavior of orbits near 7 will be easy to analyze. Our final simple closed curve, 79 
will consist of straightline segments joined at short “bends” (to make the curve 
Cffi). The function F will have a simple structure at the bends; on the other hand, 
the vector G will be constant on most of the straight parts of 7, so that the 
structure of F there will have no effect on the flow. At each bend, certain direc- 
tions normal to 7 will get squeezed closer to 7, with the net effect that the 
Poincare map for a disc orthogonal to 7 will be a (linear) contraction. 
We begin by constructing y. Let ei E I?” denote the unit vector along the ith 
coordinate axis, and consider the sequence of points PO ,..., Pxn defined by 
PO = 0 = (O,..., 0) 
Pi = Pi-1 + e, , O<i<TZ, 
Pi = Pi-l - ei+ , n < i < 2% 
One readily verifies that 
pi = ~-+++‘.‘; ’ i = k, l<k<q 
en , i-nfk, l<k<n-1; 
PO = Pz, = (O,..., 0). 
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If we form the curve r by joining successive Pi with straight line segments, 
that is, 
r(t) = (m + 1 - t)PT,z + (t - rn)P,~,, 
for 112 < t < m + 1, ?n = 0 ,..., 2% - 1, 
then r is a loop which, in spirit, satisfies the hypotheses of Proposition 2: what 
is missing is that the nth coordinate is zero for 0 < t < n - I, and that I’ is not 
differentiable at the integer values of t, t = l,..., 2n - 1. 
The first problem, as we noted in the remarks following Proposition 2, can 
be avoided by replacing the nth coordinate with a linear functional L, which in 
this case we can take to be the sum of the first and last coordinates: 
L(.q )...) x,) = x1 + x, . 
The second problem presents no real difficulty, either. We pick a small E, 
0 < E < l/6, and a Cm function h(x) with the following properties: 
(i) 0 < X(x) < 1; h(x) = 1 for x < -E, X(x) = 0 for x > E; 
(ii) ST, X(x) dx = Jr, [l - A(x)] & = E. 
Then if we let X(t) = f’(t) for t not an integer, and for integer values t = K 
define 
X+(4 = fiy* X(t) 
we see that X(t), X+(K) and X-(h) are always one of the unit vectors se<; we can 
define y(t) by y(O) = 0 and the differential equations 
f(t) = h(t - k) X-(k) + [l - A(t - Iz)] X+(h) if ] t - K 1 < E, k = I,..., 2n - 1 
= X(t) otherwise. 
We 
CLAIM. For /z = l,..., 2n - 1, y(K 3 <) = F(K f E). 
To see this, we note that 
-,@ + 6) - # - l ) = j-’ +(A + T) dr 
-E 
= jj-;< A(T) dj X-(k) + [j-;c [1 - X(41 dT/ X+(k) 
= EX-(K) + E-x+(K) 
= r(k + G) - r(k - fz). 
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b 
FIG. 2. The case n = 3. (a) y(t), (bj y(s). 
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Thus, we see that y(t), 0 < t < 2n, defines a simple closed loop at the origin, 
withL(y(t)) = r(t)r + am > 0 =L(y(O) for 0 < t < 2n, and 
m = X+(O) = e1 3 
3(2n) = X-(2n) = --en ) 
which are independent. So y(t) satisfies hypotheses like those of Proposition 2, 
except that the parameter runs from 0 to 2n instead of 0 to 1. We can therefore 
apply the procedure used in proving Proposition 2 to y(t), and obtain a simple, 
closed curve v(t), lying near y(t), with an involution t + /3(t) for which f@(t)) 
and f(t) are parallel. The curve y(t) for n = 3 is sketched in Fig. 2. 
In fact, we can take our intervals [t r , t,] and [ta , td] to be; respectively, 
l+E<t<2--E and n+l+E<t<n+2---E 
with x = es , and so we can construct j?(t) in such a way that 
(i) if 1 t - K 1 > E, lz = hl,..., +(2n - l), then r(t) is parallel to one 
of the vectors -&ei 
(ii) if j t - K 1 < E, then f(t) is a convex combination of X+(k) and X-(k). 
When we re-parametrize by arclength, the points t = k are labelled s = slC 
and the inequality 1 t - k 1 < E needs to be replaced by another inequality, say 
1 s - Sk 1 < 2, k = I,..., 2n - 1. For our purposes, we formulate the above in 
a few 
Remarks. The curve p(s) satisfies: 
(i) ifSk-r+E<S<S~-CE,f(S)=X+(k-l)=X-(k) 
(ii) for j s - sic 1 < Z, $( ) s is a convex combination of X+(k) and X-(k) 
(iii) there is an involution CC [--L,L] --f [--L,L], fixing 0 and inter- 
changing -L and L, so that 
&(sN = Y(s) -L,(s<L 
(iv) we set 
S-k = ol(s,); 
X*(k) are described by: 
X+(k - 1) = X-(k) = ei for k = i, i = 0 ,..., n - 1, 
X-(n) = e, , X+(n) = --el , 
X+(k)=X-(k+l)=-ei. for k=n+i, i=O ,..., n-1. 
For k = 1 ,..., 2n - 1, X+(-k) = X-(k) and X-(-k) = X+(k). 
(This list may be easier to follow by referring to Fig. 3.) 
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. . . - -%I-? + S&-l- -en+ 4- = I, 
FIG. 3. The succession of X(k). 
x 
FIG. 4. The lemma at the “bends.” 
Thus, for s not within 2 of any sk , 7 is moving in a straight line. Near these 
straight segments, the vectorfield G OF will be parallel; the “attraction” toward 
7 will occur as we go around thk “bends” described in (ii) above. To help achieve 
the desired attraction there, we formulate the following 
LEMMA (see Fig. 4). Suppose we have a flow 4 in the (x, y) plane with oelocity 
$ = X and a linear functional f (x, y) = a,x f a4 y with thefollowing prope&es: 
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(a) one orbit, y(t), comes in along the negative x-axis and lear;es along the 
positive y-axis; 
(b) iff& , yl) = f(x2 , YJ, then X(x, , n) = X(x, , Y& 
(c) (gradf) . X > 0 everywhere. 
Then, for small intervals I1 vertical and far back on the negative x-axis and I2 
horizontal andfar up on the positive y-axis, a trajectory crossing I1 with y-coordinate 
dz will cross I2 with x-coordinate dl such that 
in other words, 
Proof. Let Y = (a,, --al) be a constant vectorfield orthogonal to gradf = 
(al , aJ. Then f [(x, y) + AY] = f [(x, y)], so that 
X[(x, y) + AU] = X[(x, y)] 
and the Lie derivative D,X is zero. On the other hand, Y is constant, so D,yY 
is also zero, and thus the Lie bracket is zero: 
[X, Y] = D,Y - D,X = 0. 
Hence, the flow & and the flow along Y commute-in other words, 
r&[(x, y) + AI’] = 4&v, Y) + AY. 
Now suppose an orbit crosses 1i at a point p with coordinates (--x0 , $) (see 
figure 4). Then the point q = p - hY on y has coordinates ([a,d,/aJ - x0 , 0) 
(that is, h = -$/al). Now, we know that at some much later time, t > 0, 
q’ = &((I) has coordinates (0, yO). But then p’ = C,(p) is given by 
p' = 4' + XY = (0,~~) - [$-I (a2, -4 
=( 
&a, --=,yO--$ . 
al :, 
On the other hand, for y,, sufficiently large, the flow is parallel to the y-axis for 
all points that have f (x, y) > a,(y, - 2 j dz I). In particular, 
f(+% ) , y. + t 2 a2(_vo - 4) > a2(.yo - 2 I 4 I> 
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for any t > 0; thus the orbit through p’ is a vertical line, at least down to the 
point p” = (-daa,/a, , ya), which is therefore the point where the orbit of p’ 
(and hence of p) crosses I, . This proves the lemma 
We see, then, that when the flow goes around a “bend” near which F has the 
same level surfaces as 
j-(X, y) = x + ay 
(where .2: is the coordinate in the X- direction, y is the coordinate in the X. 
direction, (gradf) . X > 0, and / o j < l), then orbits are “squeezed” by 
a factor (I in the direction parallel to the (x, y) plane, and all distances between 
orbits in directions orthogonal to that plane are unchanged. 
We will use this observation in proving 
PROPOSITION 3. With T(S) as described in the remarks above, there exists a 
Jlow whose vector$eld factors thlzrough Rl and has y(s) as an attracting periodic 
orbit. 
Proof. We start with a tubular neighborhood N of $J in W. That is, K is 
foliated by discs orthogonal to F(s). We let P: N -+ 7 be the Cm retraction assigning 
y(s) to every point of the disc through j?(s). 
We pick a number cl , 0 < or < 8, so that the points of y(s) are points 
of I’(t) except for 1 s - So j < or , k = &l ,..., Ik2n. Tijle then pick Ed and ~a , 
cI < l a < us < &, and let 
be defined by 
Bi[j+,)] = (y(s) I I s - Sk 1 < 4 for k f diJr2n 
4mdl =I EM.-,.,)I = W(~~)l 
=@(s)]--L<~<Q-LorL-~<s<Lj. 
,Thus, we know that f is the constant vector X+.(k) = X-(k + 1) on the (non- 
empty) segment of j? between Bi[j?(sL)] and B,[j?(s,.,)]. 
Now, we pick (T, 0 < 0 < 1, and define functions fk(x), K + 0, &2n so that 
(1) The level sets of fk are the same as those of the linear functional 
x -+ uX+(k) . x - X-(k) . x. 
(2) f&(s)) == s for j?(s) E Ba[j?(sJ] (remember, k + 0, &2nj. 
For k = 0, we define a functionf,(x) so that 
(3) For 7(s) E -%F(o)l, .M7(44!l = fM41 
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(4) fa has a minimum along Jo at j?(O); fa[y(O)] = 0 and fJj?(s)] = s if 
El < s < E.3 .
This can be done, for example, by taking a point C, # p(O) on the disc through 
T(O), and letting 
fob1 = II x - co II2 - II cl 112* 
Similarly, we definef,,(x) so that 
(5) ha[7(44>1 = i&N1 for 7(s) E N3V)I 
(6) fa&@)] = L is a maximum of $zn along 7, and fsJ~(s)] = s for 
L-cEs<s<L-cE1. 
Let 
by shrinking N if necessary, we can assume 
(7) For all I& the set of points x E N such that fJx] = fJT(s)] with 
r(s) E B,[y(s,)] is a subset of Arz(k). 
Now, we let s(x) be defined, for x 4 Nr(2n), by 
T(X) = Y(s(x)); 
s(x) is Cm, and we have defined fk (K + 2n) so that fk = s on 7. We note, too, 
that for x 4 N,(O) u N,(212), fk(x) is a number between -L and L, so that it 
makes sense to speak of 01 0 fti. We define functions fk+ (k = 0, &I,..., 
1(2n - 11, 2~) by 
fk’(X) = fk(X) if K > 0, 
= 4w41 if k<O. 
Similarly, define s+(x) on N - Nr(2n) by 
sf(x) == s(x) if s(x) > 0, 
= 4+41 if s(x) < 0. 
Then we can define F(x) by averaging fk+ with sf on N,(k) - N,(k) and letting 
F = fn+ on N,(k), F = sf on N - Uk N,(k); thus: 
(i) For x E Nz(k), k # 0, 2n, F has the same level sets as the linear 
functional described in the lemma. 
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. . 
(ii) For points of 7, F[~(s)] = F[~(a(s))], and its value 1s either s or a(s); 
whichever is positive (except for points very near the two extrema of F). 
We can extend F to all of W by multiplying F by a C% function which equals 1 
on a neighborhood ills C N of 7 and equals 0 ofI :V. 
Now, the set of values of F: Iw” --+ R is an open interval slightly larger than 
[Q, L]. We can define G: [0, L] + w” by letting 
G(s) = j(s) 
and then, noting that G(s) is constant near the endpoints of [O, L], we can extend 
G to R by setting 
G(s) = j(O) = e, , s < 0, 
G(s) = j(L) = --en, s >I.‘. 
It is clear, then, that 
X(x) = WC41 
is a Cx vector-field generating a flow (since X(x) is constant off the compact set 
closure N) and 
-w(s)) = P(s) 
so that 7 is a trajectory of this flow. 
Finally, we need to verify that this definition of X = G 0 F makes 7 an 
attractor. As we go around each “bend,” one normal direction gets “squeezed,” 
but since the set of directions normal to 7 keeps changing, it is better to keep 
track of all of them as directions in space. 
We place discs orthogonal to 7 at the points midway between the various 
I, so that D, is a disc orthogonal to X+(K) at y[i(s, f sk+r)] for 
K = -2n,..., 2n - 1, 
and we let D,, = D-,, . We then define 4n maps as follows: for Iz = -2n,..., 2n - 1, 
is defined by 
Lg(X-(k + 1)) = X+(k + I), 
and for x orthogonal to X-(k + 1) = $ (at Dk), we regard x as a point p on D, 
and let TJx) be the point p’ of D,c+l which lies on the orbit of p. 
5Ojl29/2-5 
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Thus, we are extending the usual “first crossing” or Poincare map between 
sections by also keeping track of the vector 9. By our lemma earlier and the 
comment following it, we see that 9,; is given by: 
-%F-(k 4 111 = X+@ + 11, 
dio,[X+(k + l)] = -x-(k + l), 
L&(x) = x for x * X+(K) = x * X.(K) = 0. 
Now, putting in the values of X+(K + 1) and XJk + 1) from our remarks (iv) 
on the construction of j?, we get the following calculations: 
(a) For K = -(n + m), 2 < m < n, Zk is given by 
-%(e,> = em, , 
-%(e,-d = --ae, , 
LTk(ei) = ei for i # In, m - 1. 
(b) For K = -(n + l), 9h is given by 
-K(q) = --en , 
%(e,) = Gel , 
Zk(ei) = ei forif: l,n. 
(c) For K = -m, 2 < m < n, 9k is given by 
%(e,> = em, , 
9k(e,-l) = --(Tern, 
LiFti = ei for i # 911, m - 1. 
(d) For K = -1, &(x) = x for all x 
(e) For k = m, 0 < m < n - 2, dtp, is given by 
-%(ed = ern+2 ,
=%(e,+2> = -uem+l , 
L2$(ei) = ei for ifmfl, m-j-2. 
(f) For k = n - 1, L& is given by 
-%(e,) = --el , 
-%(ed = aen , 
Zk(ei) = ei for i#l,n. 
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(g) For k = 12 + KZ, in = 0 ,..., n - 2, A?$, is give11 by 
(h) For k = 2% - 1, 9$@ = x for all x. 
Now, we want to know the Poincark map of D, , or gzn-* G p&-Z 0 ... 0 sp8 
We calcuiate this in steps: 
en -+ el, 
e, + -Uei+l for i = I,..., 12 - 1. 
Proof. This could be done via matrix multiplication, but it is probabl: 
easier to follow with the diagram 
4 en-, --+ eb2, en-2 --- -4 -ue,-e 
A 
en-, en-, - ue,-, - --- -+ -uen-l 
\i’ 
A 
en --(3e, _f --oe, B --. __f --oe, . 
CLAIM 2. x(ntI) o %(n+e) D ... 0 6;4_,, is given by 
es-., -+ -u2el , 
ei 3 -uei+, for Z = l,..., n -- 2. 
Proof. Follow the result of (1) by (b). 
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CLAIM 3. Xl o 2Z2 0 a*- 0 L&T,, is given by 
en -+ -el , 
en-, 3 -u3e2 , 
ei -+ 2 -u e,,., for i = l,..., 11 - 2. 
Proof. Note that 9-, is the identity, and by (c) and (a), Zn 0 ... 0 Zn = 
Z-(&A) 0 .-. 0 Z-,., . Thus, we obtain this calculation by applying (1) to the 
result of (2). 
CLAIM 4. 9n-2 0 ... 0 So is given by 
el + e, , 
ei --f --oei, for i = 2,..., n. 
Proof. 
d%b % z-2 
‘\ 
-Gel - --ae, - -*- -----+ -uel 
/c 
e2 
e2 x 
-ue2 - e-e ----+ --ae, 
e3 e3 
e3 \ ***- 
-4 -ue3 
. . . . . - \ 
en-2 - - -ue,-2 
ers-l - 
x 
--oe,-, 
e, --+ - ---+ e, 
CLAIM 5. dpel o -ELne2 0 *** 0 22$ is given by 
el - --el , 
e2 -+ -u 2 e, , 
ei 3 -ueiml for i = 3,..., n. 
Proof. Apply (f) to the result of (4). 
CLAIM 6. J& o --- o DE”, oEl 0 . . . 0 LZzn is given by 
e,n - el , 
e,, + u5e, , 
ei 3 -u3ei+l for i # n, n - 1. 
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Pnxf. Apply (5) to the result of (3). 
CLAIM 7. $pz,n-I o -.- o 26 is given by 
e,, - 0 6 en,, 
e, -+ u4ei for i#n,n--1. 
PIW$ Note that L&, is the identity, and by (e) and (g) L??zn-.2 0 ... 0 9% = 
Lq*-~o.:-+q; thus, we apply (5) to the result of (6). 
But now, we see that this last composition has the matrix 
i 
CT4 
\ 
0 
u4 
0 CT.6 
1 
Noting that at D-,, , the tangent vector is -e,,& , we see that D-,, is in the 
subspace spanned by e, ,..., e,, , and so the PoincarC map for D-,, = D,, is 
the linear contraction 
i 
04 
\ 
0 
0 
04 
Thus, 7 is an attractor for G OF, moreover, it is a non-degenerate attractor, 
in the sense that its characteristic multipliers are all inside the unit circle. This 
follows from the standard result (see, e.g., [3, p. 2531) that the eigenvalues of 
any Poincare map for a periodic o&it are the same as the eigenvalues of the 
Jacobian of the flow, integrated over a single period (except that the Jacobian 
has an additional eigenvalue 1 whose eigenvector is the velocity). Thus, orbits 
near 7 not only tend asymptotically toward jj as t + + CD; but they do so at an 
exponential rate. Q.E.D. 
Proposition 3 completes the construction of our example: a periodic attractor 
for a flow on W (KZ > 3) whose velocity factors through RI. 
Of course, one might ask further questions about the structure of flows on R? 
whose velocity factors through R”, K < 12. The arguments of McGehee and 
Armstrong [2] show that factoring through a lower-dimensional space limits the 
kind of rest points that are possible. On the other hand, the methods of this paper 
can be extended to exhibit a very large class of compact invariant sets without 
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rest points for flows whose vectorfields factor through UP; details will appear in 
a later paper. 
For a discussion of other mathematical questions, motivated more by 
ecological considerations, the reader is referred to the papers of Armstrong and 
McGehee, especially [2]. 
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